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Motivations and numerical methods

Ordinary differential equations (ODESs)

y'(t) = f(y. 1)

Motion of pendulum

SpaceX Falcon 9 space rocket

Car shock absorber

Exact resolution is hard = numerical methods.



Motivations and numerical methods

Numerical integration
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Motivations and numerical methods

Euler method

Iy h T+l

kl = hf(tnayn)
Yn+1l = Yn t kl + O(hz)
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Motivations and numerical methods

RK2 method

In h Tt b

k1=h><f(tn,yn) kZZth(tn+%,yn+%)
Yn+1 = Yn + ko + O(h)
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Motivations and numerical methods

Working assumptions

e FP arithmetic;

* neither underflow nor overflow,
+ radix 2 double precision, u=2"3
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Motivations and numerical methods

Working assumptions

» FP arithmetic;
* neither underflow nor overflow,
+ radix 2 double precision, u=2"3
* ODEs;
« first-order,
* linear, Yy =Xy
e y:R >R,
» Methods.
* explicit,
* one step,
* constant step.
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Motivations and numerical methods

RK methods on linear problems: linear stability

YoeR
Yn+1 = R(ha )‘)yn
(R polynomial in h\)
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Motivations and numerical methods

RK methods on linear problems: linear stability

YoeR
Yn+1 = R(ha )‘)yn
(R polynomial in h\)

Stable < |R(h,\)| < 1:

RK1
—— RK2
--—-RK3
—RK4
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Motivations and numerical methods

RK methods on linear problems: FP implementation

Yo € R 90 =~ Yo _
g1 = B(h, A, n)

Yn+1 = R(h7 )\)yn

16/34



Motivations and numerical methods

RK methods on linear problems: FP implementation

Yo € R Yo = y0~ o
Yn+1 = R(h7)\)yn 3?;:1 = R(h7)‘a%)
Euler:
. R(h )\) =1+h\;
« RN G7) =n ®@h @A .
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Motivations and numerical methods

RK methods on linear problems: FP implementation

Yo € R Yo = y0~ o
Yn+1 = R(h7)\)yn 3?;:1 = R(h’)‘?%)
Euler:
. R(h )\) =1+h\
* RN 4n) = Gn@h®X@ .

RK4:
© R(h,A) =1+hA+3(hA)? + L(hA) + 55 (hA)*;
° R(h,&yn) =

yn®h®6®>\®yn€Bh®3®/\®yn®h®h®6®>\®>\®yn€9h®3®)\®yn
heho6@AOARY;, OhOh@ho 12 QAT ®h Q6 A® U
OhRhO6RARART ® hOh@hO 128 A AR AR T
OhOh@hOho24@ARAR AR\ Jn.
(> 60 flops!)
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Motivations and numerical methods

State-of-the-art

Roundoff errors in numerical methods (/N = nb of iterations):
« probabilistic result: error in v/N [Henrici,1963];
« in practice (implicit RK): error in N [Hairer&al, 2008];
+ interval analysis [Bouissou-Martel, 2006];

» numerical integration (fine-grained): Newton-Cotes,
Gauss-Legendre, ... [Fousse, 2006].



Motivations and numerical methods

State-of-the-art

Roundoff errors in numerical methods (/N = nb of iterations):
« probabilistic result: error in v/N [Henrici,1963];
« in practice (implicit RK): error in N [Hairer&al, 2008];
+ interval analysis [Bouissou-Martel, 2006];

» numerical integration (fine-grained): Newton-Cotes,
Gauss-Legendre, ... [Fousse, 2006].

Our approach:
* fined-grained analysis;
+ use of mathematical properties of the methods (stability).



Roundoff errors of RK methods

Table of contents

Roundoff errors of RK methods
m Local roundoff errors
m Global roundoff errors of classical methods

18/34



172
°
<)
ES)
5]
£
X
o
k]
(2]
4
[
@
5
°
e
>
5]
o

Method error vs roundoff error
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Method error vs roundoff error

roundoff

error

method
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Roundoff errors of RK methods

Local roundoff error vs global roundoff error

~ | I~

FedhON® i

Local error:

co=lo-vyol _

Vn e N*> €n = |R(h7 Aay,;/—l) - R(ha )\)g;j”
Global error:

VneN, E, =19y — Yn.
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Roundoff errors of RK methods

From local to global roundoff error

Local error:
eo=lgo-wl
VneN*, e, = |R(hv A In—1) = R(h, )‘)g;jﬂ

Global error:
VneN, E, =0n—Yn-

Theorem 1: Global absolute error of RK methods
Let C e R;. Suppose Vn € N*, e, < Cly,—1|. Then, Vn €N,

Clyo| )

E,| < h, )" __“iol
Bl < RN (20 gl
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Roundoff errors of RK methods

Relative roundoff errors

Relative error:

Yn —Yn
Un

<(C’+|R(h,)\)|)"(&+n C )
"\ |R(B, )| lyol — C+|R(h,N)[)
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Roundoff errors of RK methods

Relative roundoff errors

Relative error:

Yn —Yn
Un

<(C’+|R(h,)\)|)"(&+n C )
"\ |R(B, )| lyol — C+|R(h,N)[)

If C' < |R(h,\)|, then:
€0 C

P I —

" lvol - R(R, M)

Un — Yn
Un

In practice (Euler, RK2, RK4): C' < 200u and 200u << |R(h, \)|.
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Roundoff errors of RK methods

Technical lemma for local roundoff errors
Local error of stable Euler’s method (-2 < hA < 0):

eni1 = |Tn® (hOX®Fn) = (1+h\)ynl.

26/34



Roundoff errors of RK methods

Technical lemma for local roundoff errors

Local error of stable Euler’s method (-2 < h\ < 0):
Ene1 = Tn ®(R@®X® ) = (1 +h\) 7 |-
—~— N~—— —— —~ =~ —
X X y [e31 [¢% y

Lety e R. LetC1,02 eR,. Leth,Oéz e R. LetXl,Xz el s.t
| X1 — a1y < Cyly| and | X, — an| < Cs.

Then:

(X1 @ (X20y) - (a1 +a2)y|

< |y| (Cl + CZ +u(|a1] + 2’0&2’ + Cl +202) +u2 (Cz + ’OQD) .
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Roundoff errors of RK methods

Technical lemma for local roundoff errors

Local error of stable Euler’s method (-2 < h\ < 0):
Ene1 = Tn ®(R@®X® ) = (1 +h\) 7 |-
—~— N~—— —— —~ =~ —
X X y [e31 [¢% y

Lety e R. LetC1,02 eR,. Leth,Oéz e R. LetXl,Xz el s.t
| X1 — a1y < Cyly| and | X, — an| < Cs.

Then:

(X1 @ (X20y) - (a1 +a2)y|

< |y| (Cl + CZ +u(|a1] + 2’0&2’ + Cl +202) +u2 (Cz + ’OQD) .

(=1 Gul<0|Gnl, |h®X-hA|<6u
—_— e~ —~ —_—— ——
X, Yy Gy X ) @)

(Gappa [Melquiond]).
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Roundoff errors of RK methods

Local roundoff errors of higher-order methods

Stable RK4 method:

C
g;LN B 0
o [AiX] 2u (Gappa)
o[yj +%%Xy~n] = ®ho6®A® 1, | 4u (Lemma?2)
o[AiX] 4u (Gappa)
o [RRiXX] 12u (Gappa)
o [Rhh5XAX] 28u (Gappa)
o [RRRhLANAX] 53u (Gappa)
e (7 x Lemma?2)
o[ + -+ + hhhhsg XN, ] 194u  (Lemma?2)
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Roundoff errors of RK methods

Local roundoff errors of classical methods

Lemma 3: Local error of Euler method

Suppose -2 < hA < -271% and 2790 < h < 1. Then:
VneN, efuer <11.01u |g|.

Lemma 4: Local error of RK2 method

Suppose -2 < hA < 2710 and 270 < h < 1. Then:
VneN, eRK2<28.01ulg,).

n+l

Lemma 5: Local error of RK4 method

Suppose -3 < hA < -271% and 2790 < h < 1. Then:

VneN, B <194ulg,|.
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Roundoff errors of RK methods

Global roundoff errors of classical methods

Bounds on global errors:
* Euler: C'=11.01u

11.01
|En| < (11.01u + [R(h, A))" (€0+n ulyol );

11.01u + |R(h, V)|

* RK2: C'=28.01u

28.01
|En| < (28.01u + |R(h, A)|)" (50 n ulyol ) ;

28.01u+ |[R(h, \)]

* RK4: C' =1%4u

194
|En| < (194u + | R(h,N)|)" (so+n ulyol )

194u + |R(h, \)|
= no compensation ® but reasonable bounds ©.
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Conclusion and perspectives

General methodology

hA hA R4

3767 24 )

M
_— M ~  ~
Yn+1 = Z AYn Yn+1 = 691-:0041'®yn (ng = h)\,
=0
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Conclusion and perspectives

General methodology

BA BA XS

36 24 )

M
_ M ~  ~
Yn+l = D, iYn Tnt1 = ®ino@i®Tn (a; = hA,
=0

Methodology to bound roundoff errors:
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BA BA XS

36 24 )

M
Yn+l = D, iYn 1 = oM @i, (ai = h),
=0

Methodology to bound roundoff errors:
1) bound €¢ = [0 - vol;
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Conclusion and perspectives

General methodology

M __ . hA hA hAX*
Yn+1 :igoaiyn Yn+1 = eaivzloai@yn (041' =h 7?7?7W...
Methodology to bound roundoff errors:
1) bound €¢ = [0 - vol;
2) bound the error on each term «; (Gappa + stability);
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M __ . hA R\ RN
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Conclusion and perspectives

General methodology

BA BA XS

36 24 )

M
_ M ~  ~
Yn+l = D, iYn Tnt1 = ®ino@i®Tn (a; = hA,
=0

Methodology to bound roundoff errors:
1) bound €¢ = [0 - vol;
2) bound the error on each term «; (Gappa + stability);
3) bound local errors by M applications of Lemma 2;
4) bound the global error by instantiating Theorem 1.
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Conclusion and perspectives

Conclusion and perspectives

Conclusion:

« fine and mechanical analysis of roundoff errors;

* results on useful and classical methods (Euler, RK2, RK4);

* linear growth of roundoff errors;

» no compensation (for explicit one-step methods).
Perspectives:

» overflows and underflows;

» formalization in Coq (proof assistant):

* based on the Flocq library [Boldo-Melquiond],
* based on the gappa and interval tactics [Melquiond],

» more general ODEs: complex, matricial, non-linear;
* more general methods: multi-step, variable step, implicit.
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